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Abstract 

In this paper we parametrize the symmetry group of the n-dimensional 
Berwald-Moor metric. Some properties of this Lie group are studied, and 
its corresponding Lie algebra is computed. 
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1 Introduction 

The geometrical Berwald-Moor structure ([3], [S]) was intensively investigated 
by P.K. Rashevski ([13]) and further physically fundamcntcd and developed by 
G.S. Asanov (|TJ), D.G. Pavlov and G.I. Garas'ko ([TJ, 0). These physical 
studies emphasize the importance of the Finsler geometry characterized by the 
total equality in rights of all non-isotropic directions in the theory of space-time 
structure, gravitation and electromagnetism. In such a context, one underlines 
the important role played by the Berwald-Moor metric 



Fn . TM n -> R, F n (y) = W¥^t, n>2, 

whose Finslerian geometry is studied on tangent bundles by M. Matsumoto and 
H. Shimada (0), and, in a jet geometrical approach, by V. Balan and M. Neagu 
([2]). It is a well-known fact that, from a physical point of view, an Einstein 
relativistic law says that the form of all physical laws must be the same in 
any inertial reference frame (local chart of coordinates). For such a reason, 
we study in this paper the geometrical coordinate transformations which keep 
unchanged the Berwald-Moor metric of order n > 3. The particular two and 
three dimensional cases are deeply studied in [XT] . Notice that the geometrical 
translation of the previous Einstein's physical law is that any geometrical object 
used in that physical theory must have the same local form in any local chart 
of coordinates. 
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2 The symmetry group of the Berwald-Moor 
metric of order n 



We remind that (x, y) = (x l , y l ) are the coordinates of the tangent bundle TM n 
(associated to an n-dimensional real manifold M"), which transform by the 
rules (the Einstein convention of summation is assumed everywhere): 

P = f = ^-y\ (1) 

where i,j = l,n and rank (dx l /dx J ) — n. The transformation rules ((TJ rewrite 
explicitly as 



x n = x n (x 1 , 
+ d*y n 



(2) 



~n = gjy + gn y 2 + Qn y 3 



where we used the notations d* := dx l jdx\ and we have det (<9j) ^ 0. 

Let us consider now the Berwald-Moor metric of order n on the tangent 
bundle TM n , which is expressed by 



F n(y) = y/y 1 y 2 y 3 ...y" 



(3) 



To have a global geometrical character of the Berwald-Moor metric ^j, we 
must have F n {y) = F n (y). It means that y 1 y 2 ...y r ' 



1 2 r, 

y y -v 



Theorem 1 For n > 3, a transformation of coordinates (0) invariates the 
Berwald-Moor metric |2P if and only if there exist some arbitrary real num- 
bers di, ct2, a n verifying the equality n™ =1 ai = 1, together with a permutation 
o £ S n of the set {1, 2, n}, such that 



X — V a \0,\, Q2, a n ) ■ X + Xq, 



(4) 



whe 



Xn = 



V *0 / 



e M nil (R), 



* = 



;r = 



V * n J 



/ 5? 1 \ 



and the matrix V a (ai,«2, - ,fln) aZi entries equal to zero except the entries 

Pla{l) = 0,1, P2a(2) = &2, ■•■ , Pna{n) = «n- 

Proof. The transformation of coordinates @ invariates the Berwald-Moor 
metric ([3]) if and only if 



nl n2 an _n 
u ki u k 2 "- u k n — u ' 



(5) 
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for any k±, k%, • k n G {1, 2, n} such that {ki, k^-, k n } ^ {1, 2, n} (this 
means that at least two indices k r and k s are equal). Then, there exists a 
permutation tr of the set {1,2, n} such that 



#W^0, Vi = l,n. 

This is because if we suppose that there exists an index io G {1, 2, n} such 
that ^(io) = ^ ^ or P ermu tation a d S n , then (using the first equation of 
the system ([5])) we deduce that we have = 1. Contradiction! 
Let us prove now that for any i G {1, 2, n} we have 

4 = 0, Vfc6{l,2,...,n}\Hi)}. 

On the contrary, suppose there exist i, fc G {1, 2, n}, with k ^ cr(i), such that 
d\ 7^ 0. Because we obviously have fc = <t(j), where j ^ i, it follows that there 
exist two different indices i,j G {1,2, ...,n} such that 0*,., ^ 0. Because we 
have the inequality n > 3, it follows that there exists an arbitrary third index 
q G {1, 2, n} which is different by i and j. Consequently, applying the second 
equation from the system ([5]) for an arbitrary index k q G {1, 2, n} and for 

ki = kj = a(j), k p = cr(p), Vp G {l,2,...,n}\{i,j,q}, 

we find 



.0*7? 



1)^0') U t(«+1) 



<r(g- 



)% <7 -t( 9 +1) 



an 
■ U a(n) 



0. 



It follows that we have 

' J k„ ~ u > v ^ 



S| =0, Vfc„ = l,n. 



This implies that det (i9j) = 0. Contradiction! 

In conclusion, we deduce that a transformation of coordinates @ invariates 
the Berwald-Moor metric ([3]) if and only if it satisfies the following conditions: 

^ (1 )^( 2) -^ ( „)=1, (6) 

d{ = di = ... = # (i) _ x = = ... = a*_j = 5; = o, v* = m. (?) 

The equations © and ([7]) imply that x l = i l (a; cr ^)) and 

€(i)=Pia(i) GK\{0}. 
In other words, we get the affine transformations (no sum by i): 

& = Pia^x^ +4. Vi = L7n, 
where Xg G K, V i — 1, n. ■ 

Corollary 2 TTie se< o/ the local transformations of coordinates that invariates 
the Berwald-Moor metric has an algebraic structure of a non-abelian group 
with respect to the operation of composition of functions. 
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Proof. Firstly, it is important to notice that the following matrix properties 
are true: 

P<j (Ol, d2, a n ) = { a i<5ja(i)) i j= J-^ , 

Pa (ai,a 2 , ...,«„) = V T (6i,6 2 , K) & 17 = T and a i = h V i = 1, ra, 

^ (0l,O2, •••,a n ) • "P T (6l,62) •••) b n ) = Proa (<Xl6 ct (1), 02 &o- ( 2 ), O n 6 „.(„)) , 

P e (1, 1, 1) = 7„, det [Po- (01, a 2 , a„)] = e(a), 

[Pa- (ai,a 2 ,...,a n )] _1 = TV 1 (a~-i ( i), a~-i (2 )> V^( n )) , 

where e is the identity permutation, /„ is the identity matrix, and e(a) is the 
signature of the permutation a. 

Let 1 be the set of the local transformations of coordinates that invariates 
the Berwald-Moor metric © ■ Let also S and T be two arbitrary transformations 
from T. Then we have 

S : X = P a (01,02, a n ) • X + X , 
T : X — V T (61, 62, — , b n ) - ~X +~Xq 

and 

SoT :X = V a (a 1 ,a 2 ,...,a n ) ■ [V T (6 X , 6 2 , 6„) • ~X + X ] + X = 
= [Pa- (01, a 2 , ...,a„) • P T (61,62, — ,6„)] • X + Xi = 

= Proa (ai6 CT (i), 026^(2), — , an6 CT („)) • A' + Afi, 

where 

X\ = P a (01, a 2 , a n ) • A'o + Ao- 
Moreover, the neutral transformation element is 



£ :# = P e (1,1, ...,!)• X, 



and we have 



S 1 : X = [P a (ai, a 2 , a„)] • 



A' — An 



where 



P<r-i ( a CT -i(ip a CT -i(2)> ■••> a ff -i(„)) ' * + 



A"i - -Po-i (a^-i(i)>a <7 -i(2)>-'°<7-i(n)) 



In conclusion, the set % is a group with respect to the operation of compo- 
sition of functions. 

Let a and r be two permutations such that too- ^ hot. If we take, for 
instance, So and To two transformations from % having the homogenous form 

•So 0*0 = Pa (ai,a 2 , -,a n ) ■ X, %{X) = P T (61, 6 2 , ...,6 n ) • X, 
then we get 

(•So ° To) (X) = P a (oi,a 2 , ...,a n ) ■ [P T (61, 6 2 , ...,6„) • A"] = 
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= [P a (oi,o 2 , -,a n ) ■ V T {bi,b 2 , -.,b n )] ■ X = 

= V T oo (oi6o-(l),ffl2&<7(2)) — )ffln&<7(n)) ' X 

T'cror (6ia T (i), b 2 a T ( 2 ), &„a T ( n )) • A" = 

= [7? T (61, 6 2 , b n ) ■ V„ (ai, a 2 , a„)] • <Y = (% ° S ) {X). 

Therefore, the group (T, o) is non-abelian. ■ 

For any permutation a G S n , let us denote by W a the set of all matrices 
of type V a (ai, a 2 , «„). We recall that such a matrix has all entries equal to 
zero except the entries a 1(T ( 1 ) = ai, a 2(7 ( 2 ) = a 2 , «W(n) = a n, verifying the 
equality II" =1 Oi = 1. Let us consider the matrix 

^-^(M i)eW„ 

In such a context, we can prove the following important algebraic result of 
characterization: 

Proposition 3 Let a G S n be an arbitrary permutation of the set {1, 2, n}. 

Then, an arbitrary matrix X G M n (R) belongs to the set W CT -i i/ and onfo/ if the 
following statements are true: 

(1) det {X-E a ) = 1; 

(2) TTie vectors 

ei = (1,0,0, ...,0), e 2 = (0,1,0,...,0), e n = (0, 0, 0, 1) 
are eigenvectors of the matrix (X-E a ). 
Proof. An arbitrary matrix A G M n (R) is a diagonal matrix of the form 



A = 



( Ai 
A 2 





V 







\ 






with AiA 2 ...A„ = 1, if and only if det A = 1 and it has the vectors ei, e 2 , 
as eigenvectors. Using now the properties (1) and (2), we deduce that 

X-E a = A^ X-V a (1, 1, 1) = 7> e (Ai, A„) ^ 

X = V e (X u A„) • [V a (1, 1, I)]" 1 = 
= P e (A l5 A„) • 7V, (1, 1, 1) = V a -i (A 1; A„) g W a -i. 



In what follows we prove that the set of matrices D^(M) : = W e , where e 
is the identity permutation, is a Lie group of dimension (n — 1) with respect to 
the multiplication of matrices. 
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Proposition 4 The set of matrices -D*(R) has a structure of commutative Lie 
group with respect to the multiplication of matrices. The dimension as manifold 
of the Lie group D„(R) is (n — 1) , and the corresponding Lie algebra is 

L(D*(R)) = {A = diag(oi, -,a n ) | Trace(A) = 0} := d\ (R) . (8) 

Proof. It is obvious that 

£>i(R) = W e = {7> e (Ol, 2 , On) | «,£!} = 

= {A = diag(ai, a n ) \ detA = ax • ... ■ a n = 1} 

is a commutative subgroup of the special linear group SL n (M). It is also easy 
to see that we have 



Dh 



A = diag ax,..., an-!, ■ 



1 



Oi • ... ■ O n -l 



ai, a„_i G R\{0} 



Let 4> v : D*(R) -+ U C M := E n_1 \ {(a x , a n -i) | oi ■ ... • a„_i = 0} be 
the bijection defined by 4>u (A) = (ai, ...,a n _i), where U is an arbitrary local 
chart on M. It folows that we can endow D^(R) with a differentiable structure of 
dimension (n — I) such that all maps (jjjj to become diffeomorfisms. Therefore, 
the mapping n : D\(R) x ->• D*(R), defined by 



B) = A^ 1 ■ B, 



can be locally rewritten as 



^:M 2 " 2 \{(ai,...,a„_i,6i,...,6 n _i) | a x 



where 



H (ax, a„_i, 6i, 6 n _i) — 



a„_i • 6i • ... • 6„_i = 0} ->• R' 

&1 &2 &n-l 



n-1 



v ai 02 fln-1 

It is obvious that Jl is a smooth map on the open domain 
D = R 2n ~ 2 \ {(ax, o„_i, bx, —, 6„_i) | ai • ... ■ a„_i • &i • 



&n-l=0}. 



In conclusion, Z)^(R) is a commutative Lie group of dimension (n — 1). 
In order to compute the Lie algebra L(D^ l (R)) = rf^(R), let us consider an 
arbitrary curve 

a : (-e,e) £>*(E), a(t) = A(t) = diag(oi(t), a n (t)) e D*(R), 
where a(0) = A(0) = I n . It follows that we have 



• (n\ dA 

a(0) = H 



diag(ai(0),...,d„(0)). 



t=o 



Because we have detA(t) — 1, we deduce that 
d [det ^4] 







det [diag(oi(0), !,...,!)] 



+ det[diag(l,d 2 (0),l,...,l)] + ... + det [diag(l, 1, 1, d„(0))] 
= di(0)+di(0) + ... +a n (0). 
This means that the Lie algebra of £)*(R) is given by (|SJ|. ■ 



6 



Remark 5 A basis of the Lie algebra cZ^(M) is given by (Ei) i= 1 n _ 1 , where 



Ei 



( 












V o o 



0^ 












o -i J 



Notice that in the matrix Ei the number 1 appears on the position (i, i). In other 
words, we can briefly write 



Ei 



{6 r i8 s i 6 rn& sn) r 



V i = l,n- 1. 



Consequently, it is easy to see now that all structure constants of the Lie 
algebra d^R) are equal to zero. 

Acknowledgements. The authors of this paper thank Professor M. Paun for 
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